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Question When is D(G) = 2?
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Example 4. Primitive groups

Let G < Sym(Q)) be a primitive permutation group. What is D(G)?
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Theorem (Cameron, Neumann, Saxl ‘84; Seress '97; Dolfi ‘00)
Let G < Sym(Q) be primitive. Then one of the following holds.
(i) G=Sym(Q)and D(G) =n
(i) G=Alt(Q)and D(G) =n—1
(iii) D(G) =2
(iv) GePand3 < D(G) < 4

P is a set of 43 permutation groups of degree at most 32
s G = AGL5(2) = 2°:GL5(2) on F; with D(G) =3
= G = Sym(5) on the vertices of the Petersen graph with D(G) = 3
= G = My on 11 points with D(G) = 4

Question Can we extend this result to a wider class of groups?
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Observation D(G) < b(G) +1
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subgroup of G is transitive.

A permutation group G < Sym(Q) is quasiprimitive if every
nontrivial normal subgroup of G is transitive.

Theorem 1 (Devillers, H., Morgan "18)
Let G be an imprimitive quasiprimitive group. Then D(G) =2.

A permutation group G < Sym(Q) is semiprimitive if every
nontrivial normal subgroup of G is either transitive or semiregular.

Theorem 2 (Devillers, H., Morgan "18)
Let G be a nonquasiprimitive semiprimitive group. Then D(G) = 2
or G is GL»(3) on the nonzero vectors of F; and D(G) = 3.
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Example 1. Graphs
Let I' be a connected noncomplete graph.
Assume Aut(T') is semiprimitive.

Then D(T') = 2 or I is one of the following

Cs K3 K3 P P

Example (Praeger '93)
A 2-arc is a path of three distinct vertices.
If T is 2-arc-transitive and not bipartite, then Aut(T') is semiprimitive.
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Example 2. Vector spaces
Letd > 2 and let G be GL;(g) on the nonzero vectors of E? .

A normal subgroup of G either contains SL;(q) (transitive) or is
contained in Z(GL;(g)) (semiregular), if G ¢ {GL»(2),GL3(2)}.

Therefore G is semiprimitive, so D(G) = 2 or G is

GL»(2) = Sym(Q)), GL3(2) = PSLy(7), GL4(2) = Alt(8), GLa(3)

(Chan ’06; Klavzar, Wong, Zhu "06)

Example 3. Simple groups
Let G < Sym(Q) be simple and transitive.

Then G is quasiprimitive, so D(G) = 2 or G = Alt(Q)) or G is one of
the 13 simple primitive groups in P.
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o 0 g
Let D(G*) =dand letIT = {m,..., m,} satisfy (G*) ) = 1.
LetIT = {r}, ..., 71} be the corresponding partition of (2.
Let ¢ € G(y). Then g* € (G*)ry) = 1. Therefore, g € Gy).
Since G(x) is an intransitive normal subgroup, G(x) = 1.

Therefore, ¢ = 1, so IT' witnesses D(G) < d = D(G*).
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Therefore, g € Gx)-

Since G5 is an intransitive normal subgroup,
G(y) is semiregular.

Since g fixes a point, g = 1.
Therefore, IT witnesses D(G) = 2.



Key Lemma
Let G < Sym(Q)) be semiprimitive.
Let X be a nontrivial G-invariant partition of .
Then
(i) D(G) < D(G)
(ii) if |o| = |Z| —1forallo € %, then D(G) = 2
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3.G*eP
» Computation in MAGMA



