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4 probabilistic generation, triangle generation, invariable generation, ...
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Thompson’s group V was the first example of an infinite finitely presented
simple group, and for decades all known examples were related to V.
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Thompson's group V is a subgroup of the homeomorphism group Aut(<).
It is a finitely presented infinite simple group and it is 2-generated.

Theorem [DONOVEN & H | 2020]
Every nontrivial element of V is contained in a generating pair.

This is the first nontrivial example of an infinite group with this property.
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Fix a partition X = {xy,...,x,} of € of size k > 3. Let X' = {xq,...,xk, xB}.

Then V = (Alt(X), Alt(X")).

5

This generalises various generation criteria in the literature.

Example Thompson's group V is generated by the three involutions
a=(x1%)(xsx)(xs X) b= (x2x3)(xs X6) €= (X1 x5)(x2 X5)(x3 X§).
To prove this, we apply the generation criterion:
{ab, c) = ((x1 X3 X4 X2), (X1 X5) (X2 X£) (x3 XF)) = Sym(X")

(a, b, c) = ((x1 X2 X3 X4 Xs), b(x2 X3)) = Sym(X).

That V and some generalisations are generated by three involutions was
recently and independently proved by [SCHESLER, SKIPPER, WU | 20242™V],



Simple vigorous groups



Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.



Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.
A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC C...



Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.
A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC C...




Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.
A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC C...




Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.
A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC C...




Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.

A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC €
there exists g € G supported only on A such that Bg C C.

¢




Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.

A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC €
there exists g € G supported only on A such that Bg C C.

¢

;




Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.

A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC €
there exists g € G supported only on A such that Bg C C.

¢

;

Exercise Thompson's group V is vigorous (can actually get Bg = C).



Simple vigorous groups

A subset A C Cis clopen iff it is a finite union of basic open sets.

A group G < Aut(€) is vigorous if for any clopensets @ C B,C CAC €
there exists g € G supported only on A such that Bg C C.

¢

;

Exercise Thompson's group V is vigorous (can actually get Bg = C).

Vigorous groups include all generalisations of V and most of the other
known finitely presented simple groups (e.g. Higman-Thompson groups V,,
Brin-Thompson groups nV and Nekrashevych’s dynamical groups).
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Let G be a finitely generated simple vigorous group.

1 Every nontrivial element of G is contained in a generating pair.
(Forall1# x € Gthereis g € Gs.t. (x,s9) = G for fixed s with |s| = 30.)

2 Forallm >2and n > 3, we have G = (x,y) with [x| = mand |y| = n.

3 Gis generated by three involutions.
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The strong version of 1shows that G has uniform spread at least one.
(Ongoing work on spread. Some comments and examples in the paper.)

In 2,y is a product of two involutions, so 3 is a corollary.

The following special case of 2 answers a question of [SAPIR | 2017].

IGIETA We have V = (x,y) where |x| =2 and |y| = 3.

D
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