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Generating finite simple groups

Theorem [Steinberg | 1962 + Aschbacher & Guralnick | 1984]

Every finite simple group has a generating pair.

Let G be a nonabelian finite simple group.

1 Every nontrivial element of G is contained in a generating pair.

Numerous generalisations in terms of spread and uniform spread.

[Guralnick & Kantor | 2000]

2 G = ⟨x, y⟩ for |x| = 2 and |y| prime.

Conjecture (Conder | 2015) Can have |y| ∈ {3, 5} unless G = PSU3(3).

[King | 2019]

3 G is generated by three involutions, unless G = PSU3(3).
[Malle, Saxl & Weigel | 1994]

4 probabilistic generation, triangle generation, invariable generation, . . .
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Generating infinite simple groups

Some simple groups are not finitely generated.

Example The alternating group Alt(N) =
⋃
n∈N An is infinite but any finite

subset fixes all but finitely many points, so generates a finite subgroup.

Some finitely generated simple groups are not 2-generated.

Example For each n ⩾ 3, [Osin & Thom | 2012] construct a simple group Gn
(limit of hyperbolic groups) that is n-generated but not (n − 1)-generated
(which they prove by studying ℓ2-Betti numbers).

Question Are all finitely presented simple groups 2-generated?

Thompson’s group V was the first example of an infinite finitely presented
simple group, and for decades all known examples were related to V.
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Thompson’s group V

Cantor space C is the middle-third Cantor set with the topology from R.
The basic open sets are the two halves, and their two halves, and so on.
A partition will mean a partition of C into basic open sets.
Elements of Thompson’s group V come from bijections between partitions.

→

→

→

Thompson’s group V is a subgroup of the homeomorphism group Aut(C).
It is a finitely presented infinite simple group and it is 2-generated.

Theorem [Donoven & H | 2020]

Every nontrivial element of V is contained in a generating pair.

This is the first nontrivial example of an infinite group with this property.
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Theorem [Bleak, Donoven, H & Hyde | 2025+]

Fix a partition X = {x1, . . . , xk} of C of size k ⩾ 3. Let X′ = {x1, . . . , xLk, x
R
k}.

Then V = ⟨Alt(X), Alt(X′)⟩.

x1 x2 x3 x4 x5 x6

This generalises various generation criteria in the literature.

Example Thompson’s group V is generated by the three involutions

a = (x1 x2)(x3 x4)(x5 x6) b = (x2 x3)(x5 x6) c = (x1 x5)(x2 xL6)(x3 xR6).

To prove this, we apply the generation criterion:

⟨ab, c⟩ = ⟨(x1 x3 x4 x2), (x1 x5)(x2 xL6)(x3 xR6)⟩ = Sym(X′)
⟨a, b, c⟩ ⩾ ⟨(x1 x2 x3 x4 x5), b(x2 x3)⟩ = Sym(X).

That V and some generalisations are generated by three involutions was
recently and independently proved by [Schesler, Skipper, Wu | 2024arxiv].
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Generating finite simple groups

Theorem [Steinberg | 1962 + Aschbacher & Guralnick | 1984]

Every finite simple group has a generating pair.

Let G be a nonabelian finite simple group.

1 Every nontrivial element of G is contained in a generating pair.
Numerous generalisations in terms of spread and uniform spread.

[Guralnick & Kantor | 2000]

2 G = ⟨x, y⟩ for |x| = 2 and |y| prime (and |y| ∈ {3, 5} if |G| large enough).
Conjecture (Conder | 2015) Can have |y| ∈ {3, 5} unless G = PSU3(3).

[King | 2019] (and [Liebeck & Shalev | 1996, Lübeck & Malle | 1999])

3 G is generated by three involutions, unless G = PSU3(3).
[Malle, Saxl & Weigel | 1994]

4 probabilistic generation, triangle generation, invariable generation, . . .
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Simple vigorous groups

A subset A ⊆ C is clopen iff it is a finite union of basic open sets.

A group G ⩽ Aut(C) is vigorous if for any clopen sets ∅ ⊊ B, C ⊊ A ⊊ C . . .

there exists g ∈ G supported only on A such that Bg ⊆ C.

C

Exercise Thompson’s group V is vigorous (can actually get Bg = C).

Vigorous groups include all generalisations of V and most of the other
known finitely presented simple groups (e.g. Higman–Thompson groups Vn,
Brin–Thompson groups nV and Nekrashevych’s dynamical groups).
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Theorem [Bleak, Elliott & Hyde | 2024]

Every finitely generated simple vigorous group is 2-generated.

Theorem [Bleak, Donoven, H & Hyde | 2025+]

Let G be a finitely generated simple vigorous group.

1 Every nontrivial element of G is contained in a generating pair.

(For all 1 ̸= x ∈ G there is g ∈ G s.t. ⟨x, sg⟩ = G for fixed s with |s| = 30.)

2 For all m ⩾ 2 and n ⩾ 3, we have G = ⟨x, y⟩ with |x| = m and |y| = n.
3 G is generated by three involutions.

The strong version of 1 shows that G has uniform spread at least one.

(Ongoing work on spread. Some comments and examples in the paper.)

In 2 , y is a product of two involutions, so 3 is a corollary.

The following special case of 2 answers a question of [Sapir | 2017].

Corollary We have V = ⟨x, y⟩ where |x| = 2 and |y| = 3.
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Theorem [Bleak, Elliott & Hyde | 2024]

Every finitely generated simple vigorous group is 2-generated.

Theorem [Bleak, Donoven, H & Hyde | 2025+]

Let G be a finitely generated simple vigorous group.
1 Every nontrivial element of G is contained in a generating pair.

(For all 1 ̸= x ∈ G there is g ∈ G s.t. ⟨x, sg⟩ = G for fixed s with |s| = 30.)
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3 G is generated by three involutions.

The strong version of 1 shows that G has uniform spread at least one.
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In 2 , y is a product of two involutions, so 3 is a corollary.

The following special case of 2 answers a question of [Sapir | 2017].

Corollary We have V = ⟨x, y⟩ where |x| = 2 and |y| = 3.
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